Abstract. Cellular automata are widely used to model real-world dynamics. We show using the DomanyKinzel probabilistic cellular automata that alternating two supercritical dynamics can result in subcritical dynamics in which the population dies out. The analysis of the original and reduced models reveals generality of this paradoxical behavior, which suggests that autonomous or man-made periodic or random environmental changes can cause extinction in otherwise safe population dynamics. Our model also realizes another scenario for the Parrondo's paradox to occur, namely, spatial extensions.
Introduction
Ecological and sociological dynamics are often described by systems of locally interacting agents. Cellular automata are broadly used for modeling such dynamics to characterize, for example, survival probability, percolation, and critical phenomena, which are relevant to real situations [1] . Among the class of probabilistic cellular automata is the Domany-Kinzel (DK) model, which is a two parameter family of Markov processes on a one-dimensional lattice with discrete time [2, 3] . In this paper, we report a counterintuitive phenomenon of the DK model: particles eventually die out when two supercritical DK dynamics alternate with some appropriate orders. This behavior is robust against parameter changes. We also analyze the reduced dynamics such as the pair approximation and a canonical model to guarantee that this phenomenon is preserved in much simpler models. As a generalization, dynamic environmental changes can extinguish a population even if the snapshot dynamics is supercritical at any given mo-ment. These alternating DK dynamics also realize a new scenario for the Parrondo's paradox [4, 5, 6 ] to occur, that is, introduction of the space.
DK model
In the DK model [2, 3] , each site either accompanies a particle (denoted by •) or is empty (denoted by •) at any instant. The space can be identified with a subset of the set of integers Z, and let ξ n ⊂ Z be the set of the sites that have particles at discrete time n ∈ Z + = {0, 1, 2, . . .}. The stochastic evolution rule at each site x ∈ Z is independently described by P (x ∈ ξ n+1 |ξ n ) = f (|ξ n ∩ {x − 1, x + 1}|) where f (0) = 0, f (1) = p 1 , f (2) = p 2 , and (p 1 , p 2 ) ∈ [0, 1] 2 . In other words, the probability that a particle emerges is determined by the number of the particles in the nearest neighborhood in the previous time, as shown in Fig. 1 . Each realization of the spatiotemporal process is expressed in the form of a configuration ξ ∈ {0, 1} S = X with S = {s = (x, n) ∈ Z × Z + : x + n = even}. The region of the supercritical parameter sets (p 1 , p 2 ) for which particles survive for infinite time with positive probability can be numerically obtained, and it occupies an upper-right area in the p 1 -p 2 space [2, 3, 7] . The DK model is equivalent to the directed bond percolation model on a square lattice when (p 1 , p 2 ) = (p, 2p − p 2 ) and to the directed site percolation model 3, 7] . Another special case is Wolfram's rule 90 deterministic cellular automaton [1] that is realized with (p 1 , p 2 ) = (1, 0 [8, 9, 10, 11, 12] , and duality [16, 17, 18] .
Let us denote by P n (·) the probability that an event occurs at time n. Here an event means a state of consecutive sites, or a sequence of • and •. For clarity, we often plot trajectories of points in the two-dimensional space spanned by the order parameters defined with a 2 (n) ≡
it follows that a 1 (n) ≥ 0, a 2 (n) ≥ 0, and becomes small as k is raised [6] . A more general concern is how the order of arranging A and B affects the upshot.
Since it appears quite difficult to derive the optimal ordering of A and B among all the possible sequences [6, 22] , we only deal with some representative cases.
The population dynamics when a chain of A is periodically punctuated by just one B, which is denoted by k, the number of particles changes little for most of the time ( Fig. 2(d) ). In this regime, the population death is slowed down as k increases.
For sequences in the form AB k , the parity effect is important. As shown in Fig. 3(c) , the population death is faster when k is even. This is again because dynamics B is nearly nonattractive. As is prominent in nonattractive DK dynamics, the motion in the a 1 -a 2 space under dynamics B is somewhat sensitive to the current state.
More specifically, simple repetition of B yields a damped oscillation in the early stage. Therefore, if the initial state is located in a upper-left region, the number of particles drops more when B is repeated even times before being interrupted by one A.
The random arrangement of A and B is also of interest [4, 6, 22] because real environments can be random rather than perfectly periodic. To mimic simple random environments, we choose A and B independently at each time step with probability r and 1 − r, respectively. Obviously, the population death does not occur with r = 0 or with r = 1, which prescribes the sequence purely of B and that of A, respectively. 
Pair Approximation
To take a closer look at the paradox, we analyze the deterministic dynamics derived by the pair approximation of the DK model, which we call the PA dynamics [9, 10, 11, 12] . In the pair approximation, any events at two sites separated by a distance more than one are supposed to be independent of each other. For example,
where P n (·|·) denotes the conditional probability. Accordingly, probabilities of any events involving three or more consecutive sites are decomposed into one-or two-site probabilities. With this approximation, the two-dimensional PA dynamics is written as follows:
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where The Parrondo's paradox is unlikely to happen in onedimensional systems since they lack auxiliary dimensions that counteract the seeming tendency of population increase. To demonstrate this, let us imagine the simplistic mean-field approximation in which a joint probability is approximated by a product of single-site probabilities (e.g. P n (••) ∼ = P n (•)P n (•)). The approximated onedimensional dynamics is written as
which has fixed points b 1 = 0 and when two mean-field dynamics alternate, the particle density b 1 (n) just fluctuates between the two nontrivial fixed points in the long run. Accordingly, the population never dies out, and no paradoxical phenomenon occurs.
Canonical Model
To generalize the Parrondo's paradox found for the DK and PA dynamics, we construct a simple canonical model with dimension two, which is the presumed minimal degree of freedom required for the emergence of the paradox.
As we have mentioned, the relevant features of the DK and PA dynamics can be summarized as follows. (iii) Population change rates are proportional to the population size. To weaken the condition may result in the same conclusion just with a different convergence rate.
Here we assume this linearity for our canonical model.
The paradox also relies on the following implicit assumptions. •, or a 1 (n), determines the population change rates [7] . It declines to zero as a point in the a 1 -a 2 space approaches the a 2 axis. 
Conclusions
We have shown using the DK model and its simplifications that mixtures of two supercritical dynamics can yield subcritical dynamics in which the population dies out. This counterintuitive behavior occurs if individual component dynamics have at least dimension two and satisfy certain criteria. We admit that the property (i) is characteristic of the DK or the canonical model, and it agrees with some natural occasions but not with others [23] . We suppose that the other four requirements do not spoil the reality.
The properties (iii) and (v) are satisfied when production rates are primarily proportional to the population mass, are partially correlated, or correlated even conditioned by ξ(f ), ξ(g), ξ(h), and ξ(i). This is because both ξ(a) and
By the same token, the infinite-range correlation is generated just after single application of AB, which prohibits use of powerful duality equations [16, 17, 18] . In this sense, our model stiupulates a class of infinite particle systems different from one of ordinary PCA. However, on the analogy of the Parrondo's paradox, the phenomena reported in this paper may hold for more general alternating dynamics and for larger neighborhood sizes. The population size is equal to a 1 (t)/2 + a 2 (t) for the DK and PA dynamics and is defined to be a 1 (t) 2 + a 2 (t) 2 for the canonical dynamics. 
